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New product qualification frequently requires that a manufacturer pro®ide customers
with se®eral independent samples for e®aluation. For continuous manufacturing pro-

( )cesses, equipment residence time distributions RTDs introduce serial dependence
among the samples. Determining RTD by pulse or step modulation of a tracer or pro-
cess ®ariable can produce off-spec material and add costs by limiting the opportunity to
conduct other product or process de®elopment experiments. A no®el method of deter-
mining a continuous process’ RTD does not risk production of off-spec material.
Through analysis of serial component analytical data, the process’ washout cur®e can be
inferred. The theoretical basis for the method is presented and experimental require-
ments enumerated. Applicability to well-mixed, laminar flow and con®ecti®e-dispersi®e
processes is demonstrated. Experimental ®alidation in a specialty polymer pilot plant
resulted in an error of about 5% in mean residence time, when compared to estimates
from pulse tests and calibrated le®el measurements.

Introduction
New product qualification frequently requires that a man-

ufacturer provide customers several statistically independent
samples for evaluation. Sample independence allows cus-
tomers to interpret fitness-for-use tests using basic statistical
tools. While demonstration of sample independence is
straightforward for batch or semi-batch processes, it is more
difficult for continuous processes, where the presence of

Ž .equipment residence time distributions RTDs introduces
dependence among serial samples.

Existing options for demonstration of continuous proc-
ess sample independence are to perform intrusive RTD
testing or to separate the samples by shutdownrclean equip-
mentrstartup cycles. For a typical new product, at least one
of the raw materials is likely to be costly and in short supply.
Both of these options diverts the scarce raw material into
production of off-specification product, whether due to tracer
contamination, operation at nonstandard conditions, or tran-
sient operation during process shutdown and startup. Any raw
material that is expended for these purposes cannot be used
for valuable product and process development experiments.

On a pilot and semiworks scale, early in a process’ life cy-
cle, catalyst and additive mix-to-mix concentration variation
and feed flow rate variation are likely to be larger than seen
for more mature processes at the manufacturing scale. How-
ever, there may be safety, economic, or technical constraints

precluding frequent measurements of mix concentrations.
Similarly, for economic reasons, inlet flow rate regulation and
measurement at a small scale may also be inaccurate and im-
precise. While mature literature exists on identification of
statistical transfer functions from observed inputs and out-

Ž .puts Box et al., 1994 , this becomes much more difficult when
input measurements are not readily available.

An empirical property of continuous processes is that the
autocorrelation coefficients of concentrations of nonreactive
components in product samples decay with increasing lag and
become statistically insignificant for very long lag times. This
property is assumed implicitly in the development of the ex-
tent of attenuation of the variance of a species’ concentration

Ž .during blending in Danckwerts 1953 . It is also invoked ex-
plicitly in the development of stochastic models for continu-

Ž .ous flow systems in Vaclavek 1967 . The corresponding as-´
sumption in viscous mixing analysis, where the spacial corre-
lation of species’ concentrations is assumed to become negli-
gible beyond a characteristic length scale, is discussed in Ot-

Ž .tino and Chella 1983 . It is shown in the sequel that this long
lag time decay of the autocorrelation function can be linked
to the physical washout of the analyzed component.

The present work describes a means of determining the
time interval between independent samples from a continu-
ous process, making use of only sequential analyses of nonre-
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active components in the product. No overt manipulation of
process inputs is attempted, nor are input or disturbance
variables assumed to be measured. The theoretical basis for
this method is developed and its limitations are enumerated.
Mathematical examples demonstrating the applicability of the
technique to well-mixed, laminar flow, and dispersive-convec-
tive systems are then provided. Lastly, an experimental exam-
ple showing good correspondence between the present
method and results of pulse testing on a pilot-scale polymer-
ization process is presented.

Discrete RTD Theory
We assume that the output concentration of the system

sampled at a fixed time interval D t can be represented by a
linear difference equation in time with constant coefficients

p q

Y s a Y q b U 1Ž .Ý Ýn i nyi j nydy jy1
is1 js 0

where Y is the measured output at time t , U is the unmea-n n n
sured input at time t , and d is the number of intervals ofn
dead-time due to transportation lag in the system. Without
loss of generality, we will factor out the d units of dead-time
and refer to

X 'U 2Ž .n nyd

so that

p q

Y s a Y q b X 3Ž .Ý Ýn i nyi j ny jy1
is1 js 0

The continuous-time analog of Eq. 3 is discussed in the
Ž .review Nauman, 1981 . It is capable of representing single-

input systems with recycle streams and flow bypassing. Cas-
cades of perfectly-backmixed reactors with stagewise varying

Žresidence times have been similarly represented Fan et al.,
.1969 . The ability of Eq. 3 to represent perfectly-mixed, lami-

nar flow, and dispersive-convective systems is demonstrated
as examples below.

To derive the corresponding discrete RTD, we recall that
the RTD of a linear system is simply its impulse response
function, irrespective of the actual input sequence experi-

Ž .enced by the system Nauman, 1981 . Accordingly, assume
that a tracer pulse of concentration A is introduced at the
inlet of the system described by Eq. 3 at time y d so that

X sd A 4Ž .n n0

where d is the Kronecker deltan0

1, is j
d ' 5Ž .i j ½ 0, i/ j

The normalized RTD

`

C 'Y r YÝn n i
is 0

is

0, nF0°
p p q

a C q 1y a b b , 0- nF qq1Ý Ý Ýi ny i j ny1 kž /~ is1 js1 k s 0C sn
p

a C , n) qq1Ý i nyi¢
is1

6Ž .

where we have made use of the overall material balance

q p`

Y s A b 1y a 7Ž .Ý Ý Ýi n jž /
is 0 ns 0 js1

The cumulative RTD

n

F ' CÝn i
is 0

is given by

0, nF0°
p p qn

a F q 1y a b b , 0- nF qÝ Ý Ý Ýi nyi j ky1 llž /~ is1 js1 k s 0 ll s 0F sn
p p

a F q 1y a , n) qÝ Ýi nyi j¢ ž /
is1 js1

8Ž .

Of direct interest is the fraction of tracer remaining at
time-step n, which is given by the washout function W '1yn
Fn

1, nF0°
p p q q

a W q 1y a b b , 0- nF qÝ Ý Ý Ýi nyi j k llž /~ is1 js1 k s nq1W s ll s 0n
p

a W , n) qÝ i ny1¢
is1

9Ž .

W represents the fraction of the fluid which entered nn
time steps ago and is still remaining in the reactor. It is also
the fraction of fluid exiting the reactor that was present n
time steps in the past. Evidently, F '1yW is therefore then n
probability that samples taken n time steps apart are inde-
pendent.

ARMA Model of Time Series
In the case where we have no knowledge of the inlet con-

centrations to the system at each time-step, it is still possible
to represent the outlet concentration time series in terms of

Ž .an empirical autoregressive moving average ARMA model
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Ž .Box et al., 1994

p q

y s a y q b e 10Ž .Ý Ýn i nyi j ny j
is1 js 0

where y 'Y yY, Y is an average value of Y , and e is then n n n
Ž .residual error or ‘‘residual’’ of the model at time-step n.

The residual e is equal to the model prediction error atn
Ž .time step n. Such a model is said to be of order p, q and is

Ž .referred to as an ARMA p, q model. The terms in the first
summation are the autoregressive terms; those in the second
are the moving average terms.

Many efficient numerical algorithms exist for determining
Ž .the coefficients a and b cf. Therrien, 1992 . Most com-i j

mercially available desktop statistical software will compute
these coefficients quite rapidly. Conceptually, these algo-
rithms are based on analysis of the sample estimates of the
autocorrelations of y at lag kn

N y k N

r s y y y y , k< N 11Ž .Ý Ýk i iqk i i
is 0 is 0

where N is the number of samples included in the analysis.
For the case of the least-squares solution, the autoregressive
coefficients are determined from the autocorrelations at lags
qy pq1 to qq p from the solution of the linear equations

p

r s a r , ks1, . . . , p 12Ž .Ýqqk i qqkyi
is1

The moving average parameters are then found by solving
a set of nonlinear equations involving the derived moving av-
erage process w , defined asn

p

w ' y y a yÝn n i ny i
is1

q

s b e 13Ž .Ý j ny j
js 0

If rX are the sample estimates of autocorrelations of thek
derived w , defined analogously to Eq. 11, the parameters bn j
satisfy the equations

b q b b q . . . q b bk 1 kq1 qyk qXr s , ks1, . . . , q 14Ž .k 2 21q b q . . . q b1 q

Ž .and b s1. Both Therrien, 1992; Box et al., 1994 describe0
algorithms for solving these nonlinear equations.

Ž .Heuristics for determination of the model order p, q , de-
Ž .scribed in Box et al. 1994 , generally rely on the structure of

the autocorrelations, as well as that of the related partial au-
tocorrelation functions. In general, the lower-lag autocorrela-
tions will have contributions from both the autoregressive and
moving average portions of the model, while the larger-lag
autocorrelations will depend only on the autoregressive coef-
ficients, as described above.

Several numerical criteria for model order selection have
been derived, which balance increases in the number of model
parameters vs. improvements in accuracy resulting from those
increases. Schwarz’s BIC criterion provides suitably parsimo-
nious estimates of the model order

ln NŽ .
2min BIC p , q s ln s q pq qq1 15Ž . Ž . Ž .Ž .a Np , q

2 Ž .where s is the variance of the ARMA p, q model residu-a
als.

Correspondence Between ARMA Model and
Discrete RTD

This section describes conditions under which a system’s
discrete RTD may be inferred from an empirical ARMA
model. The presence of feedback control complicates this
task, with perfect feedback control completely masking infor-

Žmation about the system under control Box and MacGregor,
.1974; MacGregor and Fogal, 1995 . However, recent work in

model predictive control has led to the development of algo-
rithms which penalize control actions which would prevent
model parameter identification, generally allowing the con-
trolled variable freedom to wander in some range of the set

Ž .point, cf. Genceli and Nikolaou 1996 , Vuthandam and
Ž . Ž .Nikolaou 1997 , Eker and Nikolaou 1998 , and Kothare et

Ž .al. 1998 . The treatment in the sequel is sufficiently general
to apply to systems under any form of feedback control, so
that conditions allowing identification of the RTD may be
expressed in a general manner.

We consider a system with discrete RTD given by Eq. 3
whose outlet concentration Y is periodically measuredn

p q
X XY s a Y q b U qn qj 16Ž .Ž .Ý Ýn i nyi j nydy jy1 nydy jy1 n

is1 js 0

Here, n X represents any time-varying disturbances whichn
may be affecting the inlet concentration. Similarly, j X repre-n
sents the combination of any measurement errors and dis-
turbances, also possibly time-varying, which may affect the
outlet concentration.

Without loss of generality, we assume that the outlet con-
centration is being maintained at some possibly time-varying
set point Y by a feedback controller, whose control lawsp, n
may also be time-varying

e 'Y yY 17Ž .n sp , n n

r
XU sU q c e 18Ž .Ýn ny1 ll , n nyllydc

ll s 0

Here, e is the deviation from set point, cX are the coef-n ll , n
Žficients for a feedback controller in ‘‘ velocity’’ form Ogun-

.naike and Ray, 1994 , and d represents the minimum dead-c
time introduced by the controller. Note that Eq. 18 could
describe an actual automatic feedback controller or some
sporadic control actions taken by an operator. In the case
where the controller time delay increases from its minimum
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value d , some of the leading coefficients of cX would bec ll , n
zero. In the case where no feedback control actions are taken,
all of the cX would vanish.ll , n

By applying the z-Transform to Eqs. 16]18, substituting the
expressions for the transforms of U and e into that for then n
transform of Y , and inverting, we obtainn

p q r `
XY s a Y q b cÝ Ý Ý Ýn i nyi j ll , nydyd y jyllymy1c

is1 js 0 ms 0ll s 0

= Y yYŽ .sp, nydyd y jyllymy1 nydyd y jyllymy1c c

q
X Xq b n qj 19Ž .Ý j nydy jy1 n

js 0

It is assumed that set point changes are made only infre-
quently during the production campaign, on a time-scale
greater than the time constant associated with RTD washout.
This mode of operation is typical when several grades of
product would be made andror a designed experiment car-
ried out; the amount of time spent at each set of conditions
would be maximized to minimize the relative yield losses oc-
curring due to transition off-class. Under such an assump-
tion, the effects of set point changes can be minimized by

Ž .subjecting the data to a high pass filter, cf. Ljung 1999 . Use
of such a filter would also provide the concomitant benefits
of at least partially whitening the disturbance time series and
eliminating long-time cross-correlations between the time se-
ries of the output and disturbance variables. A suitable filter
would exhibit zero gain in the low frequency limit and unity
gain in the high frequency limit. It would also be linear, such
as the filter

y 'Y yYn n n

Y s a Y q 1y a Y 20Ž . Ž .n ny1 ny1

with 0- a -1. Application of this filter to Eq. 19 results in

p q r `

y s a y y b c yŽ .Ý Ý Ý Ý ny dy d y jy ll y m y1n i ny1 j ll c
is1 js 0 ms 0ll s 0

q

q b n qj 21Ž .Ý j nydy jy1 n
js 0

with

X Xc y 'c Y yc YŽ .ll ll , n n ll nn

X X Xc Y s ac Y q 1y a c Y 22Ž . Ž .ll n ll ll , ny1 ny1ny1

Xn 'n ynn n n

Xn s an q 1y a n 23Ž . Ž .n ny1 ny1

Xj 'j yjn n n

Xj s aj q 1y a j 24Ž . Ž .n ny1 ny1

Note that we have made use of the linearity property of the
filter of Eq. 20 to obtain these results.

We now calculate the autocorrelations of the time series
represented by Eq. 21, at lags qy pq1 to qq p to deter-
mine sufficient conditions for equality of the autoregressive
coefficients a of Eq. 10 and the a of the discrete RTD ofi i
Eq. 3. Assuming that the filtered data time series y is notn
correlated with the filtered inlet disturbance process time se-
ries n for lags k) dq qq1, and that the time series y isn n
also not correlated with the filtered outlet disturbance pro-
cess time series j for all lags, the autocorrelations of y forn n
lags qy pq1 to qq p are given by

p

r s a rÝk i kqi
is1

q r ` N y k N
2q b y c y yŽ .Ý Ý Ý Ý Ýny dy d y jy ll y m y1j nqk ll nc

njs 0 ms 0 ns1ll s 0

25Ž .

with the lower limit of the summation over n being ns dq
d q jq ll q mq2. Comparison of Eqs. 12 and 25 corrobo-c
rates the literature cited above that the presence of control
actions causes the autoregressive parameters a to be biasedi
estimates of the discrete RTD a . The magnitude of this biasi
could be reduced by making the size of control actions as
small as possible, while taking control action as infrequently
as possible. Increasing the minimum controller time delay dc
would be another strategy to decrease bias, since an increase
in d causes higher-order lags of the cross-correlations to ap-c
pear in the bias term. Note that an excessive increase in con-
troller time delay would likely lead to an unacceptable in-
crease in required control action magnitude, however, which
could be counterproductive.

Assuming that actions are taken to minimize the bias in
estimating the a of the discrete RTD, it remains to analyzei
the derived residual process that would be identified from
the system represented by Eq. 21

q

w s b n qj 26Ž .Ýn j nydy jy1 n
js 0

By comparing this equation to Eq. 13, we postulate that
the ARMA residual error time series e is a linear combina-n
tion of the filtered disturbance process time series nnydy1
and jn

e sf n qf j 27Ž .n 1 nydy1 2 n

where f and f are constants to be determined. Assuming1 2
that the filtered disturbance process time series n and jn n
are uncorrelated, we can equate the autocorrelations of wn
obtained from Eqs. 13 and 26 to obtain

q Q
20s b b yf b b r 28Ž .Ž .Ý Ý i j 1 i j nn Žkq iy j.

is 0 js 0

2q q

0s r k y2f b r kq j q f b r kŽ . Ž . Ž .Ý Ýjj 2 j jj 2 j jjž /
js 0 js 0

29Ž .
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Ž . Ž .where r k and r k represent the k-th autocorrelationsnn jj

of n and j . Under the additional assumption that the fil-n n
tered disturbance time series j is white noise, we concluden
that solutions for f and f can be found satisfying1 2

b sf b , js0, . . . , q 30Ž .j 1 j

y1q

f s b 31Ž .Ý2 jž /
js 0

Equation 30 describes relationships between each coeffi-
cient b , which throughout this development multiplies thej
inlet concentration and its disturbances, and the correspond-
ing coefficient b , which multiplies residuals of the outletj
concentration. For these relationships to hold, we physically
require that the yield of the tracer analyzed at the outlet of
the system, with respect to the levels introduced at the sys-
tem inlet, remain constant over the course of the time-series.

Note that Eqs. 6, 8, and 9, which describe the properties of
the normalized discrete RTD, refer only to ratios of the b ,j
and not to their absolute values. Therefore, if the constant
yield requirement of Eq. 30 is satisfied, knowledge of the
identified b is sufficient to completely specify the normal-j
ized discrete RTD.

To summarize, proper identification of the a parametersi
of the discrete RTD requires that feedback control actions
be minimal and infrequent. Subsequent identification of the
b parameters requires use of a tracer whose input-outputj
yield remains constant over the course of the time-series.
Taken together, these criteria suggest that catalysts, addi-
tives, or tie species that have the reputation with plant opera-
tions of having low-fuss ‘‘set and forget’’ open-loop feed sys-
tems would be ideal tracer candidates.

Concerning Sampling Interval D t
The fidelity of the representation of a continuous RTD by

its discrete counterpart will depend on the choice of sam-
pling interval D t. If our intent was to identify a discrete model
for process control purposes, selection of D t could be a criti-
cal decision. That is not the case for the present problem.

Let us assume that customers are being sent railcars, and
analytical samples are being taken at the start of filling each.
If subsequent analysis indicates that there is no correlation of
serial samples, one may conclude that a customer could safety
be sampled every other railcar, with reasonable assurance of
sample independence. Although the data collection fre-
quency was not rapid enough to develop a detailed discrete
RTD model, it was sufficient to answer the problem at hand.

In another instance, let us assume that boxes are being
filled, with analytical samples again being taken at the start
of filling each. We may find that the time required to fill, for
example, eight boxes, is the time required for RTD washout.
In this instance, if analytical samples were not required from
each box to complete certificates of analysis for quality assur-
ance purposes, the analytical sampling interval could cer-
tainly be increased without loss of information. An analysis
of optimal sampling interval selection in the presence of noisy

Ž .data may be found in Ljung 1999 .

In short, as long as samples are taken at least as frequently
as product containers are being filled, the choice of D t is not
critical.

Example: Applicability to a Continuous Stirred
Tank Reactor

In this example, we show that it is possible to represent the
sampled input-output relationship of a perfectly-mixed con-
tinuous stirred tank reactor in terms of the discrete differ-
ence Eq. 1.

We consider a constant-density well-mixed tank, with inlet
Ž . Ž .concentration U t , outlet concentration Y t , and mean resi-

dence time t . The outlet concentration is described by

dY 1
w xs U t yY t 32Ž . Ž . Ž .

dt t

Ž .Integrating this equation between times ts ny1 D t and t
Ž . ŽŽ . .s nD t, while assuming that U t fU ny1 D t during this

time interval, yields

Y nD t sexp yD trt Y ny1 D tŽ . Ž . Ž .Ž .

q 1yexp yD trt U ny1 D t 33Ž . Ž . Ž .Ž . Ž .

This is of the form of Eq. 1, with ps1, qs0, ds0, and

a 'exp yD trtŽ .1

b '1yexp yD trt 34Ž . Ž .0

Example: Applicability to a Newtonian Fluid in
Circular Pipe

In this example, we show that it is possible to represent the
sampled input-output relationship of a laminar flow system
in terms of the discrete difference Eq. 1. We consider the
case of a pipe of length L with circular cross-section of ra-
dius R bearing a Newtonian fluid with parabolic velocity pro-

Ž .file ® r

2 L r 2

® r s 1y 35Ž . Ž .2ž /t R

where r is the distance from the centerline and t is the mean
residence-time. At the pipe inlet, a tracer of time-varying

Ž .concentration c t is introduced. The cup mixing concentra-0
Ž .tion c t at the pipe’s outlet is given byL

2t R w xc t s r® r c ty Lr® r dr 36Ž . Ž . Ž . Ž .HL 02LR 0

Let us sample the inlet and outlet concentrations with sam-
pling period D t. Between samples, we assume that the inlet
concentration remains constant, so that

w xc t fc ny1 D t , ny1 D tF t- nD t 37Ž . Ž . Ž . Ž .0 0
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The sampled outlet concentration is then given by

n2t Ž .r jbw xc nD t s c ny j D t r® r dr 38Ž . Ž . Ž . Ž .HÝL 02LR Ž .r jajs jmin

where j is the smallest j for which Eq. 35 can be invertedmin
to solve for a real-valued radius as a function of velocity

r ® s ®y1 LrjD tŽ . Ž .

's R 1ytr2 jD t 39Ž .

Ž . Ž .and r j and r j of Eq. 38 are given bya b

'r j ' R 1ytr2 jD t 40Ž . Ž .a

'r j ' R 1ytr2 jq1 D t 41Ž . Ž . Ž .b

Ž .Upon inserting the velocity profile Eq. 35 into Eq. 38, inte-
grating and simplifying, a closed-form solution for c is foundL
in terms of c0

n
X w xc nD t s b c ny j D t 42Ž . Ž . Ž .ÝL j 0

js jmin

with

2t 1 1
Xb ' y 43Ž .j 2 2 24D t j jq1Ž .

Ž .A truncated version of the results Eq. 42 would therefore
be in the form of the originally assumed discrete difference

Ž . Ž . XEq. 1, with Y 'c nD t , U 'c nD t , b ' b , and d'n L n 0 i jq1
j y1.min

Example: Applicability to Dispersive-Convective
System

In this example, we show that it is possible to represent the
sampled input-output relationship of a dispersive-convective
system in terms of the discrete difference Eq. 1. We consider
a dimensionless partial differential equation describing tracer
concentration as a function of distance and time, subject to
Danckwerts boundary conditions:

­ Y ­ 2Y ­ Y
y1s Pe y2­ t ­ x­ x

­ 2Y ­ Y
ICs: x , 0 s x , 0 sY x , 0 s0Ž . Ž . Ž .2 ­ x­ x

­ Y
y1BCs: Pe 0, t sY 0, t yU tŽ . Ž . Ž .

­ x

­ Y
1, t s0 44Ž . Ž .

­ x

Ž .where U t is the concentration at the system inlet xs0 and
Pe is the Peclet Number, representing the importance of con-

vection relative to axial dispersion. The outlet concentration
Ž .Y 1, t is obtained by applying the Laplace transform to Eq.

44 and solving by means of the corresponding Green’s func-
Ž . Ž .tion, as explained in Stakgold 1979 and Gay 1989 . The

solution in the Laplace domain is

Y 1, s s g s U s 45Ž . Ž . Ž . Ž .

where

r y r PeŽ .1 2
g s s 46Ž . Ž .2 2r exp y r y r exp y rŽ . Ž .1 2 2 1

Ž . Ž .and r s and r s are the quadratic roots1 2

2Pe Pe
r s , r s s " q Pe ? s 47Ž . Ž . Ž .(1 2 ž /2 2

Note that Eqs. 46]47 are equivalent to those tabulated in
Ž .Wen and Fan 1975 for these boundary conditions.

Given a dimensionless sampling interval D t, which has been
normalized by the dispersionless residence time Lr®, these
Laplace domain results may be represented in the z-domain
using the identity s' ln zrD t

Y 1, z s g z U z 48Ž . Ž . Ž . Ž .

Ž .The transfer function g z may be expanded as a power se-
ries in zy1

q q1
X y jg z s b z 49Ž . Ž .Ý j

js1

Note that with knowledge of the coefficients bX, Eq. 48 mayj
be inverted to a time-domain difference equation of the de-
sired form of Eq. 1, with b ' bX . These real-valued coeffi-j jq1
cients may be determined through the inversion of the

Ž .Laplace domain transfer function Eq. 46

1 ®q i`Xb s g s exp st N ds 50Ž . Ž . Ž .Hj ts jD t2p i ®y i`

'where i' y1 . Here, ® is an arbitrary real number greater
Ž .than the real parts of all of the singularities of g s . This

inversion may be implemented numerically through the use
Ž .of the algorithm of Honig and Hirdes 1984 , which also pro-

Žvides an estimate of the total numerical discretization plus
.truncation error. The efficacy of this algorithm has been ex-

Ž .plored by Seidel-Morgenstern 1991 .
Table 1 displays the first 10 coefficients bX resulting fromj

simulating the case of Pes5 and D ts0.5, along with their

Table 1. Expansion Coefficients bX from Eq. 50 and Esti-j
mated Total Numerical Error for Pes5, D t s0.5

X Xj b Error j b Errorj j
y1 y13 y2 y141 8.99960505=10 2.3=10 6 1.68637442=10 3.0=10
y1 y13 y3 y142 6.99559779=10 3.9=10 7 6.38542492=10 3.0=10
y1 y13 y3 y153 2.99994829=10 6.9=10 8 2.41713934=10 6.7=10
y1 y13 y4 y154 1.16755680=10 3.6=10 9 9.14921582=10 3.4=10
y2 y14 y4 y155 4.44836814=10 2.0=10 10 3.46305141=10 2.2=10
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Figure 1. Amplitude ratio vs. frequency from pilot-plant
pulse test.

estimated numerical errors. From the rapid rate at which the
magnitudes of the coefficients diminish with an increasing in-
dex, it may be concluded that this dispersive-convective sys-
tem can be represented by a few leading terms in the form of
Eq. 1.

Example: Application to Polymer Pilot Plant
Pulse testing was conducted on a continuous specialty

polymer pilot plant, using standard techniques, cf. Clements
Ž . Ž .and Schnelle 1963 and Ogunnaike and Ray 1994 . Figure 1

depicts the amplitude ratio vs. frequency diagram from the
analysis. The high-frequency asymptote indicates that the sys-
tem is approximately first-order. The corner frequency of
0.0046 radrmin corresponds to a time constant of approxi-
mately 220 min. Figure 2, summarizing the frequency content
of the input pulse vs. frequency, suggests that the quality of
the results deteriorates as frequency increases beyond about
0.01 radrmin.

Under the assumption that the 220 min first-order time
constant from the pulse testing was related to the residence
time of the largest vessel in the line, the vessel’s level indica-
tors were calibrated by filling the vessel with a known quan-

Figure 2. Normalized frequency content vs. frequency
from pilot-plant pulse test.

tity of solvent. The vessel was then drained in stages, weigh-
ing the amount of material drained over time and noting the
level indications. Based on these data, and accounting for the
density differences between polymer and the calibration sol-
vent, it was estimated that the residence time of the vessel
under normal operating conditions was approximately 223
min, agreeing very closely with the results of the pulse test-
ing.

For a time period immediately preceding the pulse tests,
process development experiments had been run on the pilot
line with polymer product samples taken at 4 h intervals.
These samples were submitted for chemical analysis of cata-
lyst residues. A total of 206 data points resulted, not includ-
ing 20 interspersed missing values. These data are displayed
in Figure 3. For the purposes of propriety, the data in this
figure have been mean centered and normalized by their
sample standard deviation.

Since missing values generally signal a deviation from nor-
mal operations, either in the pilot plant or the analytical lab,
a conservative approach was taken in estimating autocorrela-
tion coefficients for subsequent analysis. Autocorrelation co-
efficients were calculated for contiguous sequences of data
which had been centered on the mean value for the entire
run, according to Eq. 11. A sequence-length-weighted aver-
age of each coefficient was then calculated, using estimates
from only those sequences that were at least five times as
long as the lag whose autocorrelation coefficient was being
estimated. This is in keeping with the caveat of Box et al.
Ž .1994 that Eq. 11 provides a suitable estimate of the auto-
correlation coefficients for sample sizes greater than four
times the lag being estimated.

ARMA models were then fit to the autocorrelation esti-
mates; the lowest BIC metric of Eq. 15 was attained by the
third-order autoregressive model. However, the apparent 29
h dominant time constant of this model was found to be
caused by catalyst target changes during the campaign. To
mask the effect of these changes, the high-pass filter of Eq.
20 was applied. A filter parameter a s0.75 was chosen,
matching the best-fit first-order autoregressive coefficient of
the unfiltered process. The initial condition for the filter was
determined by applying the filter to the reversed time-series,

Figure 3. Time series of pilot-plant catalyst analytical
data, mean centered and normalized by sam-
ple standard deviation.
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Figure 4. Result of subjecting data of Figure 3 to
( )high-pass filtering a s0.75 .

Žthat is, by forecasting past Y from future data points Ther-k
.rien, 1992 . The filtered time series is depicted in Figure 4,

again normalized by the original data’s standard deviation,
for purposes of propriety.

Upon fitting ARMA models to the filtered time-series, the
lowest BIC metric was attained by the first-order autoregres-
sive model. The time constant of this model was 230 min.,
which is in excellent agreement with the estimates of 220 min
and 223 min from the pulse test and the calibrated level indi-
cators, respectively. The washout curve of this process can be
estimated using Eq. 9, with ps1, qs0, and a s0.3845. 95%1
of an instantaneous pulse of tracer would be expected to wash
out over 12.5 h. Accordingly, it may be said with 95% confi-
dence that two samples separated by at least 12.5 h would be
statistically independent.

Conclusions
A novel method of determining a continuous process’ resi-

Ž .dence time distribution RTD has been developed which
does not risk production of off-spec material. Through analy-
sis of serial component analytical data, the process’ washout
curve can be inferred. Theoretical justification for the method
highlights the need to choose an analyzed component whose
yield is invariant over the experimental campaign. Limita-
tions with respect to control of the analyzed component were
also outlined. Applicability to well-mixed, laminar flow, and
convective-dispersive systems was shown. Experimental com-
parison of pilot-plant pulse experiments and calibrated level
measurements to the current method suggests that a ca. 5%
error in mean residence time determination is possible. This
error would be expected to increase for systems where feed-
back control has introduced bias into the parameter esti-
mates or where the analyzed component’s yield is not invari-
ant over the course of the time-series.
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